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Abstract
The construction of 3-manifolds via Dehn surgery on links in S3 is an important technique in the classification of
3-manifolds. This paper describes a method of constructing infinite collections of distinct hyperbolic knots in S3
which admit a longitudinal surgery yielding the same manifold. In one case, the knots constructed each admit
a longitudinal surgery yielding the same hyperbolic manifold; in another case, the knots admit a longitudinal
surgery yielding the same toroidal manifold. This answers a question formulated by Kirby in the Kirby problem
list [R. Kirby (Ed.), Problems in low-dimensional topology, in: Geometric Topology, American Mathematical
Society/International Press, 1997] in the affirmative, which asks if there is a homology 3-sphere, or any 3-manifold,
that can be obtained by n surgery on an infinite number of distinct knots.
c© 2006 Elsevier Ltd. All rights reserved.
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0. Introduction
In the study of the topology of 3-manifolds, the goal of classifying all 3-manifolds up to
homeomorphism is perhaps the most important. There are many different approaches that have been
taken to understand the structure of 3-manifolds. In particular, the well-known theorem of Lickorish and
Wallace states that any 3-manifold can be obtained by Dehn surgery on a link in S3 [8]. Recent research
has focused on understanding the particular surgeries on a knot in S3 which give particular categories
of manifolds (i.e., hyperbolic, toroidal, homology 3-spheres, etc.). For an excellent survey of results and
conjectures on Dehn surgery on knots in S3, see [5]. A natural question then arises: In how many ways
can a given manifold be described by Dehn surgery on a knot? This question is formulated similarly by
Kirby in the Kirby problem list [4]:
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Problem 3.6(D). Is there a homology 3-sphere (or any 3-manifold) that can be obtained by n surgery on
an infinite number of distinct knots?
This paper gives an answer to the parenthetical version of this question, namely, that there exist
3-manifolds that can be obtained by 0-surgery on an infinite number of distinct knots in S3. We describe
a method of constructing distinct knots in S3, each of which yields the same manifold under longitudinal
surgery. We first set the notation and necessary background, and then we describe the construction of the
knots and the manifolds obtained.
1. Definitions
By a knot K in S3 we mean the image of a smooth embedding f : S1 ↪→ S3, with a link L being
a finite disjoint union of knots. Thus for a given knot K there exists a regular neighborhood N (K ) of
K , where N (K ) is a solid torus embedded in S3. Similarly, for a link L , a regular neighborhood for L
is a disjoint union of embedded solid tori. Dehn surgery on a knot K is the process of removing the
interior of a regular neighborhood N (K ) of K , which yields a 3-manifold MK with torus boundary (the
knot exterior), and then gluing back a solid torus V along the boundary ∂MK . This new manifold is
determined, up to homeomorphism, by the knot K and the isotopy class of the image of a meridian for
V . Since pi1(∂MK ) = Z⊕ Z, generated by a meridian µ and a preferred longitude λ for the knot K , we
note that isotopy classes of simple closed curves on ∂MK , called slopes, are parameterized by extended
rationals pq , where the extended rational
p
q represents the curve pµ+ qλ ∈ Z⊕Z. Hence, the process of
Dehn surgery can be described by specifying a knot in S3 and an extended rational number that describes
the way the solid torus is to be attached along the knot K . Thus, we say that a 3-manifold is obtained by pq
surgery on K if it is described by a knot K in S3 and the slope pq . This manifold is denoted MK (
p
q ). Dehn
surgery on a link is described similarly, where each component of the link receives a separate extended
rational number that describes the attaching map for the solid torus attached along that component.
Knots and links themselves have a variety of descriptions. In some sense, the largest class of links
is hyperbolic links, or those links whose complement admits a complete hyperbolic structure of finite
volume. The following theorem from [9] gives conditions under which a link is hyperbolic:
Theorem 1.1. Let M be a 3-manifold where the boundary is a union of tori. Then either:
1. M is Seifert fibered;
2. M contains an essential torus;
3. M admits a hyperbolic structure on its interior.
Research by Cooper and Lackenby focuses on the behavior of Dehn surgery. As a partial solution in
the negative to Problem 3.6(D) of Kirby’s problem list [4], they prove the following theorem in [3]:
Theorem 1.2. For a given closed orientable 3-manifold M, there is at most a finite number of hyperbolic
knots K in S3 and fractions pq (in their lowest terms) such that M is obtained by
p
q -Dehn surgery along
K and |q| > 22.
2. The method of construction: Twisting along an annulus
We now proceed with the construction of the knots in S3 which admit surgeries yielding the same
manifold. The following important theorem is the key to showing that the manifolds obtained by surgery
on the knots to be constructed are the same.
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Fig. 1.
Theorem 2.1. Let A be the annulus shown in Fig. 1 in the standard embedded solid torus V ↪→ S3. Let
V ′ be the resulting 3-manifold obtained by performing 1n Dehn surgery on one component of ∂A and − 1n
on the other component of ∂A, n ∈ Z. Then V ′ is a solid torus, and any meridian for V is a meridian
for V ′.
Proof. In order to show that V ′ is a solid torus, we must exhibit a homeomorphism from V to V ′. In
particular, we take a meridional disk for V and describe a disk in V ′ to which it will map. We then extend
this map to a homeomorphism of all of V to V ′.
Let µ be a meridian for V and let D be an embedded disk in V which bounds µ. Remove a regular
neighborhood N of ∂A from V . This yields a twice punctured disk D1 = D − N and a new annulus
A1 = A − N . Now remove a regular neighborhood N1 of A1 from V − N . This yields a punctured disk
D2 = D1 − N1, whose puncture is comprised of four arcs: two arcs, α+, α− arising from the intersection
of D with N , and two arcs β+, β−, arising from the intersection of D with N1. See Fig. 2a.
Now, in N1 there is a properly embedded disk∆ whose boundary includes β± and traverses ∂N along
the longitude n times. Gluing this disk to D2 yields a new twice punctured disk D3 whose punctures are
a 1n curve on one component of ∂N and a − 1n curve on the other. See Fig. 2b. Thus, filling in a solid
torus along ∂N , which sends a meridian to those slopes, will cap off the two punctures and will yield a
new disk D′. This procedure yields the manifold V ′.
To construct the homeomorphism, note that, since V is homeomorphic to D × S1, we get that N1 is
homeomorphic to ∆ × S1. Thus, for any t ∈ S1, map the disk D × {t} in V to the corresponding disk
D′ × {t} in V ′, where D′ × {t} is constructed as above. We finally note that, since µ was the boundary
of the disk D, the homeomorphism maps µ to the boundary of the disk D′. Hence, any meridian for V
bounds a disk in the solid torus V ′. 
Corollary 2.2. Performing the surgeries indicated in Fig. 3 on the boundary of the embedded annulus
A in the solid torus V yields a solid torus whose meridians are the same as those for V .
Proof. If we write the surgeries on ∂A as shown, then the proof of the corollary is the same as the proof
of the previous theorem, modified to reflect the new surgery slopes. 
Thus, if A is any embedded annulus in a 3-manifold M with (possibly empty) boundary, with
∂A 6⊂ ∂M , then there exists an infinite pair of surgeries on ∂A which yield M . By the above lemma,
these surgeries are parameterized by Z, and thus this procedure is called twisting along A n times.
The general construction proceeds as follows. Take an embedded annulus A1 in S3, and push off ∂A1
along A1 to get two curves c1, c2 which bound an annulus Ac ⊂ A1 ⊂ S3. Band sum the two curves
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Fig. 3.
of ∂A1 to get a knot K ⊂ S3. See Fig. 4. Twisting along Ac yields an infinite collection of knots {Kn}
which may or may not be distinct.
On the other hand, there also exists a punctured annulus A′ ⊂ S3 whose boundary consists of c1, c2,
and K . Capping off A′ along K corresponds to a Dehn surgery on K along some slope r . In the resulting
manifold M(r), A′ becomes an annulus A. Twisting along A corresponds to a surgery on the two curves
on ∂A, but does not change M(r). However, the surgeries that correspond to twisting along A are the
same surgeries that correspond to twisting along Ac, since, by construction, both Ac and A′ define the
same slopes on the boundary of a regular neighborhood of c1 ∪ c2. Thus, we have the following:
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Theorem 2.3. Let {Kn} be the collection of knots in S3 as constructed above, and let M(r) be as
described above. Then each knot Kn admits a surgery that yields M(r).
Using this technique, we will now describe two families of knots: one yielding a hyperbolic manifold;
the other yielding a toroidal manifold.
3. The hyperbolic case
Theorem 3.1. There exists an infinite family {Km} of distinct hyperbolic knots in S3 such that
longitudinal surgery on each of the knots yields the same hyperbolic manifold.
Proof. The construction of the knots is as above. Begin with the two-component unlink, which bounds
an annulus A1 in S3; let c1, c2 be isotopic copies of the curves that form ∂A1, such that c1 and c2 lie on
A1 and bound an annulus Ac ⊂ A1. Form a knot K by band summing the two components of the unlink
together. This gives us a three-component link L = K ∪ c1 ∪ c2 in S3 which bounds a once-punctured
annulus Ap.
If we now perform 1n Dehn surgery on c1 and− 1n Dehn surgery on c2, we will get an infinite collection
of knots in S3.
Claim 3.2. Longitudinal surgery on each of these knots yields the same manifold.
Proof. We first show that, in this construction, the slope that Ap bounds on the exterior of K is the
preferred longitude for K . To see this, take a copy K ′ of K in the direction of Ap. We will show that
lk(K ′, K ) = 0, thus showing that the slope that Ap defines is the preferred longitude for K . There are
three cases: when the band passes over or under ∂A1 and ∂Ac, when the band passes over itself, or when
the band twists. See Fig. 5.
In the first two cases, every time the band passes over a strand of K , K ′ passes over that strand of K
twice in opposite directions. Thus the first two cases do not contribute to the linking number. Similarly,
if the band twists, each half of the band results in K ′ crossing over K twice in opposite directions. Thus,
twists in the band do not contribute to the linking number. Hence lk(K ′, K ) = 0, and thus the slope that
Ap defines is the preferred longitude for K .
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Now perform longitudinal surgery on K . This yields a 3-manifold M(0); this surgery on K caps off
Ap along the boundary corresponding to K . Thus in M(0) we have an annulus A′ whose boundary is
the two-component unlink. Furthermore, by construction, ∂A′ are longitudes for the components of the
unlink. Performing 1n Dehn surgery on one component and− 1n Dehn surgery on the other corresponds to
a twist along A′, which does not change the homeomorphism type of M(0). Thus, longitudinal surgery
on each of the knots yields the same manifold. 
The particular knots to be constructed are shown in Fig. 6. In this case, the knot K constructed is
the 88 knot, a hyperbolic knot. This knot has a hyperbolic longitudinal surgery; hence the knots {Kn}
constructed all admit a longitudinal surgery yielding the same hyperbolic manifold M88(0). We need
now only see that an infinite subcollection of {Kn} are distinct.
Claim 3.3. The link L = K ∪ c1 ∪ c2 is hyperbolic.
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Fig. 7.
The proof of this claim is given in [7]. Since L is hyperbolic, each component of ∂ML has only a
finite number of (isotopy classes of) geodesics with length less than 2pi . Thus for |n| large enough, the
geodesics which represent the curves 1n on c1 and− 1n on c2 will have length at least 2pi . The 2pi theorem
in [1] states that performing 1n Dehn surgery on c1 and− 1n Dehn surgery on c2 yields a negatively curved
manifold. Since these manifolds are knot complements, we conclude that the manifolds are hyperbolic.
Hence, for infinitely many n, the knots {Kn} are hyperbolic. Finally, to see that infinitely many of these
knots are distinct, we remark that, for |n| large enough, the lengths of the geodesics 1n on c1 and− 1n on c2
are arbitrarily large, so that the volumes of MKn are eventually monotonically increasing to the volume
of ML by [2,6]. Thus, for infinitely many {Kn}, the volumes of MKn are distinct, and hence infinitely
many {Kn} are distinct. 
4. The toroidal case
Theorem 4.1. There exists an infinite family Km of distinct hyperbolic knots in S3 such that longitudinal
surgery on each of the knots yields the same toroidal manifold.
Proof. The particular knots to be constructed are shown in Fig. 7. The knot K is the connect sum of the
figure-eight knot E with its mirror image −E (although E is amphichiral, so that E = −E , for ease of
construction we use −E here). Set Kn to be the knot in S3 obtained by 1n Dehn surgery on c1 and − 1n
Dehn surgery on c2.
As in Claim 3.2, longitudinal surgery on {Kn} yields the same manifold MK (0). To prove the theorem,
we must find an infinite subset of {Kn} satisfying the theorem. We first show that MK (0) is toroidal.
Recall that E is a fibered knot, with the fiber a punctured torus Tp. Thus,
ME = Tp × [0, 1] /(x,0)∼(h(x),1)
where h : Tp → Tp is a homeomorphism (the monodromy). By modifying h by an isotopy if necessary,
we may assume that h is the identity in a neighborhood of ∂Tp. Thus ∂ME is foliated by circles that
bound the fibers of the fibration of ME .
Lemma 4.2. MK (0) = (ME ∪M−E ) /∂ME=∂M−E , where the boundaries are glued so that the foliations
of ∂ME and ∂M−E agree.
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Proof. Since the connected sum of two fibered knots is fibered, K = E# − E is fibered, with the fiber
a once-punctured genus 2 surface Σp. The monodromy h′ for K is determined by taking a non-trivial
properly embedded separating arc α ⊂ Σp, so that Σp cut along α yields two once-punctured tori, then
defining h′(x) to be h(x) on each punctured torus Tp, and the identity in the neighborhood of α. Since
h(x) is the identity in a neighborhood of ∂Tp, the longitude of each of the figure-eight knots defines an
isotopy class of invariant curves under the monodromy for MK .
However, by forming the band sum of the longitude for E with the longitude for K , we obtain the
longitude for −E . In the manifold MK (0) obtained by longitudinal surgery on K , these two longitudes
are isotopic and non-trivial. Furthermore, MK (0) is obviously fibered, since longitudinal surgery caps
off each puncture of the fiber. Hence MK (0) is fibered over S1, with the fiber a genus 2 surface
Σ = Σp ∪ “cap” with monodromy
hM(x) =
{
h′(x), x ∈ Σp
id(x), x ∈ “cap”.
See Fig. 8. Thus in MK (0) we obtain two non-trivial isotopic curves that are invariant under the
monodromy for the fibration of MK (0). Each curve defines a torus in MK (0), but since the curves are
isotopic, these tori are isotopic. Choose one such torus T . We claim that this torus is essential.
Since T is obtained from an invariant separating curve on Σ , cutting MK (0) along T cuts Σ into
two once-punctured tori. Thus T separates MK (0) into two pieces, M ′ and M ′′. Since the monodromy
hM(x) for MK (0) is equal to h(x) on each once-punctured torus, both M ′ and M ′′ are homeomorphic to
ME = M−E , which separates MK (0) as desired. 
Thus, the torus T in the above lemma is essential, and hence the manifold MK (0) is toroidal. As in
the previous theorem, one now verifies the following claim.
Claim 4.3. The link L = K ∪ c1 ∪ c2 is hyperbolic.
See [7] for a proof of this claim. Thus, we conclude that 1n Dehn surgery on c1 and − 1n Dehn surgery
on c2 yield hyperbolic knots for infinitely many n, and that infinitely many of these knots are distinct,
since the volumes eventually increase monotonically, by [2,6]. 
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